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ON THE GRIFFITHS NUMBERS FOR HIGHER DIMENSIONAL
SINGULARITIES
SUR LES NOMBRES DE GRIFFITHS POUR LES
SINGULARIT ´ES DE DIMENSION SUP ´ERIEURE
RONG DU† AND YUN GAO††
Abstract. We show that Yau’s conjecture on the inequalities for (n-1)-th
Griffiths number and (n-1)-th Hironaka number does not hold for isolated
rigid Gorenstein singularities of dimension greater than 2. But his con-
jecture on the inequality for (n-1)-th Griffiths number is true for irregular
singularities.
Re´sume´. Nous montrons que la conjecture de Yau sur l’ine´galite´ du (n-
1)-ie`me nombre de Griffiths et celle du (n-1)-ie`me nombre de Hironaka
sont non-valables en ge´ne´ral pour les singularite´s de Gorenstein isole´es
rigides de dimension supe´rieure a` 2. Cependant, la premie`re conjec-
ture sur l’ine´galite´ du (n-1)-ie`me nombre de Griffiths est vraie pour les
singularite´s irre´gulie`res.
Keywords: Griffiths number, Hironaka number, rigid Gorenstein singularity, ir-
regular singularity.
Mots-cle´s: nombre de Griffiths, nombre de Hironaka, singularite´s de Gorenstein
rigides, singularite´s irre´gulie`res.
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1. Introduction
In singularity theory, one always wants to find invariants associated to
singularities. Let (V, o) be a Stein analytic space with o as its only singu-
larity of dimension n ≥ 2. In [Ya1], Yau introduced a bunch of invariants
which are naturally attached to isolated singularities. These invariants are
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used to characterize the different notions of sheaves of germs of holomor-
phic differential forms on analytic spaces. Various formulas which relate to
all these invariants were proved in [Ya1]. Among these invariants the Grif-
fiths number g(p), the Hironaka number h(p) and δ(p) are the most interesting
invariants. In 1981, Yau conjectured that the following two inequalities of
these invariants should be true for general isolated normal singularities in
[Ya2].
Conjecture 1.1. Let (V, o) be a Stein analytic space with o as its only normal
singularity of dimension n ≥ 2. Then
(i) g(n−1) ≥ n − 1;
(ii) δ(n−1) ≥ h(n−1) + n − 1.
In ([Ya2]), he confirmed his conjecture for surface singularities and non-
rational singularities with “good” C∗-action of dimension greater than 2.
As an application , he showed that any Gorenstein surface singularities with
“good”C∗-action are not rigid. Although this conjecture inspired researches
in singularity theory for long time, we will show that this conjecture is
not true in general. But the first part of his conjecture holds for irregular
singularities.
2. Preliminaries
Let (V, o) be a normal isolated singularity of dimension n ≥ 2. It is
well known that holomorphic functions defined on V − {o} can be extended
across o. However for holomorphic forms, the situation is completely dif-
ferent. Even if we assume that the holomorphic forms defined on V − {o}
are L2-integrable in a neighborhood of o in the sense of Griffiths ([Gr]),
it is not clear whether holomorphic forms can be extended across o. In
[Ya1], the Griffiths number g(p) was introduced to measure how many L2-
integrable holomorphic p-forms on V − {o} cannot be extended across o.
Similarly, Yau defined another class of invariants δ(p) which measures how
many holomorphic p-forms on V−{o} cannot be extended across o in [Ya2].
In [Ya1], Yau studied the relations among all kinds of sheaves of germs of
holomorphic forms which were also considered by Grauert-Grothendieck,
Noether, Ferrari and Siu.
(1) Noether: ¯ΩpV := pi∗ΩpM, where pi : M −→ V is a resolution of singu-
larities of V .
(2) Grauert-Grothendieck: ΩpV := ΩpCN/K p, where K p = { fα+dg∧β :
α ∈ Ω
p
CN
; β ∈ Ωp−1
CN
; f , g ∈ I } and I is the ideal sheaf of V in CN .
(3) Ferrari: Ω˜pV := ΩpCN/H p, where H p = {ω ∈ Ω
p
CN
: ω|V\Vsing = 0}.
(4) Siu: ¯¯ΩpV := θ∗ΩpV\Vsing where θ : V\Vsing −→ V is the inclusion map
and Vsing is the singular set of V .
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If V is a normal variety, then dualizing sheaf ωV of Grothendieck is actu-
ally the sheaf ¯¯ΩnV . Clearly Ω
p
V , Ω˜
p
V are both coherent. ¯Ω
p
V is a coherent sheaf
because pi is a proper map. ¯¯ΩpV is also a coherent sheaf by the theorem of
Siu (see Theorem A of [Si]).
Lemma 2.1. There are several short exact sequences:
0 −→ Kp −→ ΩpV −→ Ω˜
p
V −→ 0, (2.1)
0 −→ Ω˜pV −→ ¯Ω
p
V −→ H
p −→ 0, (2.2)
and
0 −→ ¯ΩpV −→
¯
¯Ω
p
V −→ J
p −→ 0, (2.3)
where Kp, Hp and Jp are all supported on the singular set.
Definition 2.2. Let (V, o) be a Stein analytic space with o as its only singu-
larity. Let Kp, Hp and Jp be defined as in (2.1), (2.2), and (2.3). Then the
invariants m(p), g(p) and s(p) at o are defined to be dimKpo , dimHpo and dimJpo
respectively. δ(p) is defined to be the dimension of the co-kernel of the nat-
ural map ΩPV → ¯¯Ω
p
V . We also define the geometric genus of the singularity
pg to be s(n) and irregularity of the singularity q to be s(n−1).
The following lemma can be found as Lemma 2.7 in [Ya1]. We will
provide a short proof here.
Lemma 2.3. Let (V, o) be a Stein analytic space with o as its only isolated
singularity. Let pi : M → V be a resolution of the singularity. Then
g(p) = dimΓ(M,ΩpM)/pi∗Γ(V,ΩpV),
and
δ(p) = dimΓ(V − {o},ΩpV)/Γ(V,ΩpV),
where we identify Γ(V,ΩpV) with its image in Γ(V − {o},ΩpV).
Proof. Because Kp is supported on the isolated singularity o and Ω˜pV is co-
herent on the Stein space V , they both have vanishing cohomology groups
of degree greater than 0. So, from (2.1) and (2.2), we can have an exact
sequence as follows
0 −→ Kpo −→ Γ(V,ΩpV) −→ Γ(V, ¯ΩpV) −→ Hpo −→ 0.
Therefore we get the first equality by identifying Γ(V, ¯ΩpV) with Γ(M,ΩpM).
The second equality is obvious by the definition. Q.E.D.
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3. Inequalities for invariants of singularities
We will show that Yau’s conjecture mentioned in the first section is not
true in general.
Theorem 3.1. Let (V, o) be an isolated rigid Gorenstein singularity of di-
mension n ≥ 3. Then (V, o) does not satisfy the above two inequalities.
Proof. From the exact sequences in Lemma 2.1 one immediately concludes
the inclusions of finite dimensional vector spaces
Ω˜
p
V ⊂
¯Ω
p
V ⊂
¯
¯Ω
p
V
from which the equality δ(p) = g(p) + s(p) immediately follows (see Lemma
1.3 in [Ya2]).
A rigid Gorenstein singularity has δ(n−1) = 0 (cf. Theorem 4.6 in [Ya2])
from which it follows that g(n−1). Hence a rigid Gorenstein singularity pro-
vides a counterexample to the conjectures that g(n−1) ≥ n − 1 and δ(n−1) ≥
pg + n − 1.
Q.E.D.
Remark 3.2. The isolated rigid Gorenstein singularities of dimension n ≥ 3
do exist. For example, the existence of an isolated Gorenstein finite quotient
singularity of dimension n ≥ 3 is given by [M-B-D], [Ya-Yu] or [An]. From
Theorem 3 in [Sc], such singularity is rigid.
Next, we are going to show that the inequality (3.4) holds for irregular
singularities.
Definition 3.3. A normal isolated singularity is called regular if the irregu-
larity q = 0. Otherwise, it is called irregular.
Theorem 3.4. Let (V, o) be a normal isolated irregular singularity of dimen-
sion n ≥ 2. Then
g(n−1) ≥ n − 1.
Proof. We will improve the methods used in Yau’s paper ([Ya2] Theorem
3.1) to estimate the lower bound of g(n−1). Let pi : (M, A) → (V, 0) be a reso-
lution of the singularity with A = ∪si=1Ai as the exceptional set, where each
Ai is an irreducible component. We can assume without loss of generality
that the exceptional set A is a divisor in M with normal crossings. Embed
(V, o) into (Cm, 0) whose coordinate functions are supposed to be z1, · · · , zm.
Since the singularity is irregular, we know that
q = dimΓ(M\A,Ωn−1M )/Γ(M,Ωn−1M ) > 0.
So there exists a holomorphic (n − 1)-form ω0 on M\A that can not be ex-
tended across A, i.e. ω0 ∈ Γ(M\A,Ωn−1M )\Γ(M,Ωn−1M ), which means that ω0
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must have poles along some irreducible component A1 of A. Suppose ω1 has
the lowest order of poles along A1 among all ω ∈ Γ(M\A,Ωn−1M )\Γ(M,Ωn−1M ).
Then pi∗(z j)ω1 is holomorphic along A1 for all j, 1 ≤ j ≤ m. Otherwise,
it contracts to the assumption. If pi∗(z j)ω1 < Γ(M,Ωn−1M ) for some j, it
must have poles along another irreducible component A2 of A. Suppose
ω2 ∈ Γ(M\A,Ωn−1M ) is holomorphic along A1 and has the lowest order of
poles along A2. Then pi∗(z j)ω2 must be holomorphic along A1 and A2, for
all j, 1 ≤ j ≤ m. Similarly, we can continue such kind of steps to gener-
ate ω3, ω4, · · · if it is available. Since the number of irreducible compo-
nents of A is finite, by induction, there exists a non-empty set Wk = {ω ∈
Γ(M\A,Ωn−1M )\Γ(M,Ωn−1M ) : ω has poles along some irreducible component
Ak and holomorphic along A1, . . . , Ak−1 such that pi∗(z j)ω ∈ Γ(M,Ωn−1M ) for
all j, 1 ≤ j ≤ m}.
Suppose ωk ∈ Wk. We will separate our argument into two parts accord-
ing to the order of poles of ωk.
• The order of poles of ωk is greater than 1 along some exceptional
component Ak:
Choose a point b in Ak which is a smooth point of A. Let (x1, x2,
· · · , xn) be a coordinate system centered at b such that Ak is given
locally by x1 = 0 at b. Take the power series expansion of pi∗(z j)
around b:
pi∗(z j) ⊜ xr j1 f j, 1 ≤ j ≤ m, (3.4)
where f j is a holomorphic function such that f j(0, x2, · · · , xn) , 0
and “⊜” means local equality around b. Without loss of general-
ity, we may assume r1 = min{r1, . . . , rm}. It is easy to see that the
holomorphic (n − 1)-form
dpi∗(zi1) ∧ dpi∗(zi2) ∧ · · · ∧ dpi∗(zin−1) (3.5)
has vanishing order at least (n − 1)r1 − 1 along Ak. So the vanishing
orders of the (n − 1)-form (pi∗(z1)) jωk, 1 ≤ j ≤ n − 1, along Ak
are at most (n − 1)r1 − 2. These (n − 1)-forms cannot be the linear
combinations of (3.5). Therefore we have produced at least n − 1
holomorphic (n − 1)-forms on M which are not obtained by pulling
back of holomorphic (n − 1)-forms on V .
• The maximal order of poles of ωk is equal to 1:
Because
H0(M,Ωn−1M ) = H0(M,Ωn−1M (logA))
from Theorem 1.3 in [St-St], there exists an exceptional component
Ak such that the local expression of ωk around some smooth point
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b′ on A contains a summand of the form
x−11 gdx2 ∧ dx3 ∧ · · · ∧ dxn,
where g is a holomorphic function such that g(0, x2, · · · , xn) , 0 and
(x1, x2, · · · , xn) is a coordinate system centered at b′ such that Ak is
given locally by x1 = 0 at b′. Similarly, if we express pi∗(z j), where
1 ≤ j ≤ m, locally as (3.4) and still assume r1 = min{r1, . . . , rm},
then the coefficient before dx2 ∧ dx3 ∧ · · · ∧ dxn in the expression
of (3.5) has vanishing order of x1 at least (n − 1)r1. However the
coefficient before dx2 ∧ dx3 ∧ · · · ∧ dxn in the expression of the
(n − 1)-form (pi∗(z1)) jωk, 1 ≤ j ≤ n − 1, has vanishing order of
x1 at most (n − 1)r1 − 1. These (n − 1)-forms cannot be the linear
combinations of (3.5). Therefore we also have produced at least
n − 1 holomorphic (n − 1)-forms on M which are not obtained by
pulling back of holomorphic (n − 1)-forms on V .
Q.E.D.
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